Feasibility of a model of gas bubble break-up and coalescence in an air-lift column enabling determination of bubble size distributions in a mixer with a self-aspirating impeller has been attempted in this paper. According to velocity measurements made by the PIV method with a selfaspirating impeller and Smagorinski's model, the spatial distribution of turbulent energy dissipation rate close to the impeller was determined. This allowed to positively verify the dependence of gas bubble velocity used in the model, in relation to turbulent energy dissipation rate. Furthermore, the range of the eddy sizes capable of breaking up the gas bubbles was determined. The verified model was found to be greatly useful, but because of the simplifying assumptions some discrepancies of experimental and model results were observed.
INTRODUCTION
Mechanical mixing with simultaneous dispersion of gas in liquid is often used in industrial plants where a direct contact of liquid with gas is required. In a closed vessel, apart from traditional solutions using a sparger, to reach gas recirculation we can use self-aspirating impellers. However, so far the process of gas dispersion by self-aspirating impellers has not been thoroughly investigated. It was found out (Deshmukh et al., 2006; Evans et al., 1992; Patil and Joshi, 1999; Patwardahan and Joshi, 1999; Stelmach, 2000) that the gas stream dispersed by self-aspirating impellers depends on hydrostatic pressure of the liquid column over the impeller and on its rotational frequency. The onset of gas dispersion is usually determined by a critical value of modified Froude number (Deshmukh et al., 2006; Patwardahan and Joshi, 1999; Wang et al., 2013) .
For the self-aspirating disc impeller, a value of 0.207 was experimentally obtained (Stelmach, 2000) . This value is consistent with literature data for impellers exhibiting a similar mode of operation, according to which Fr cr ' = 0.21 ± 0.04 (Ju et al., 2009; Poncin et al., 2002; Sardeindg et al., 2006) At the onset of self-aspiration, when the Fr' cr value is exceeded, the gas stream and bubble number are quite insignificant and gas bubbles only minimally disturb the system hydrodynamics. This phase of gas dispersion is presented in Fig. 1 . Photos show bubbles flowing out of the orifices for the same blade position in different random times. and Fr' = 0.253 (Stelmach, 2006) At this stage of self-aspiration even a slight increase in the impeller rotational frequency results in an increase of gas flow. This can be seen by comparing Fig. 1 with Fig. 2 . and Fr' = 0.260 (Stelmach, 2006) As indicated by analysis of both figures, gas outflow from the impeller looks like formation of bubbles at the cross-flow of liquid in relation to the orifice Kulkarni and Joshi, 2005; Tan et al., 2000; Zhang and Shoji, 2001; Zhang and Tan, 2000) . The impeller blades actually do not take any part in bubble breaking-up, which is the main mechanism of breaking-up in the case of gas supply under the impeller blades by sparger or nozzle. In this case the breaking-up takes place mostly in the turbulent field just behind the impeller blade. In the impeller outlet there is a gas cavern the end of which, in form of a gas tail, is broken up into smaller bubbles. The broken up bubbles may undergo further breakdown in the turbulent field. In most processes taking place in the liquid-gas system, while the bubbles collide inside the mixer, they may also undergo coalescence (Laakkonen et al., 2002) . Because of minimal participation of the impeller blades in bubble break-up, there is a similarity between gas breaking-up mechanism in the mixer with the self-aspirating impeller and breaking-up in the air-lift column.
Gas bubble sizes belong to the most important process parameters conditioning the rate of the mass transfer during aeration. Because of short presence of large bubbles, not all the oxygen diffuses from bubbles to liquid. On the other hand, from small bubbles all the oxygen they contain can very fast penetrate the liquid and their further stay in the liquid comprising only inert gas is pointless. Therefore, the possibility to determine the bubble size at the mixer designing stage is very important. Eddy sizes change both in time and space. Eddy sizes are mostly connected with the local energy dissipation rate inside the mixer (Luo and Svendsen, 1996; Martínez-Bazán et al., 1999a; Laakkonen et al., 2007) . According to the dispersed systems theory, it is the so-called small eddies, i.e. the eddies of size approximately the same as that of bubbles, that decide whether the gas bubble will be broken up or not (Stręk, 1981) . So there should be a correlation between bubble sizes and sizes of eddies generated by the impeller. It is difficult to determine directly eddy sizes in the whole mixer, therefore they are often determined using the mean energy dissipation rate value. This parameter is particularly useful in calculations of the Sauter mean diameter. It can usually be calculated from the equation of the following type (Martín et al., 2008a; Martín et al., 2008b) The Sauter diameter is used in calculations of the mass transfer process. However, it does not give any precise information about the bubble size distribution, i.e. how much the distribution differs from the monodispersive system. In our previous research related to operation of the self-aspirating disc impeller (Stelmach, 2006; Stelmach, 2007) , we determined the air bubble size distributions dispersed in water at the impeller level for values Fr' only slightly higher than the critical value. The obtained results are shown in Fig. 3 . Fig. 3 . Bubble diameter distribution (Stelmach, 2007) It was concluded that the air bubble size probability density distributions in water are well described by the logarithmic normal distribution (Stelmach, 2007)  
Solid lines in Fig. 3 are depicted according to Eqs. (4) and (5).
As we have mentioned, literature includes information about gas bubble size distributions depending on the energy dissipation rate (Martínez-Bazán et al., 1999b) . Such information is used in the model presented by Martín et al. (2008b) , Pohorecki et al. (2001a, b) . It describes the equilibrium between the processes of coalescence and breakup of bubbles in the turbulent field.
In this model the coalescence rate in the mixer may be described by Eq. (7) and is equal to the product of collision frequencies and their effectiveness
where the collision frequency is described by Eq. (8)
The velocity of bubble u i with diameter d i is connected with turbulent energy dissipation rate by Eq. (9)
Following the assumptions of the model, the latter quantity, i.e. effectiveness of bubble collisions  i,j occurring in Eq. (7), amounts to 
In the case of the gas bubble breakup, the rate of this process is described by Eq. (11) in its form similar to Eq. (7) 
and the bubble velocity is given by equation
The eddy colliding with a bubble must have an appropriate size and energy to break it up. The probability of the bubble breakup is the highest when d e = 0.6·d i . The amount of eddies sized d e referred to the mass unit may be calculated from equation as follows
with the wave number k defined as
The ratio of eddies having the energy sufficient to break a bubble up is described by Eq. (16)
An important and final element of the model is a function G i which presents an equilibrium between the processes of coalescence and breaking up for each size class
where
and B m -breakup rate for m-class of bubbles (v m = 2·v i ). For the known values of bubble concentrations (calculated according to Eq. (4)) and experimentally determined energy dissipation rates we can calculate the values of function G. If the model describes well the conditions prevailing in the mixer, the values of this function should be close to zero. However, to use the model we have to know the energy dissipation rate. Generally, the local energy dissipation rate may be calculated from the definition formula (Baldi et al., 2002; Delafosse et al., 2011; Tanaka and Eaton, 2007) 
whereas for the mixer case the Eq. (20) is obtained
In measurements using the PIV system, velocity components are usually obtained only for two directions, whereas to use Eq. (20) it is necessary to introduce additional assumptions enabling the calculation of the missing elements. With the known radial and axial velocities, the assumption of the turbulence isotropy allows to calculate the turbulent energy dissipation rate from a simplified Eq. (21) cpe.czasopisma.pan.pl; degruyter.com/view/j/cpe
As indicated by our previous research (Rzyski and Stelmach, 2002; Stelmach, 2002) , for the selfaspirating disc impeller the turbulence isotropy condition in the mixer is met, except for a small area close the impeller neighborhood.
However, the above presented simplification in form of Eq. (21) gives exact results if the distance between the measured velocity vectors is close to the local Kolmogorov spatial scale (Tanaka and Eaton, 2007) . During the measurements carried out by the PIV system the distance between the vectors is strictly connected with the interrogation area. Most frequently, the practical, achievable distances between the measured velocity vectors are many times higher than the Kolmogorow scale. To obtain correct results, the assumptions using different turbulence models are applied. Quite popular in this respect became the Smagorinski model (Joshi et al., 2011; Micheletti et al., 2004) , in which the turbulent energy dissipation rate may be calculated from Eq. (22)  
where l is a distance between velocity vectors resulting from the use of the PIV method. However, this method is inconvenient as it requires the Smagorinski constant C s . Usually a value C s = 0.17 is assumed, but values from 0.11 to 0.21 (de Jong et al., 2009; Kleissl, 2004; Sheng et al., 2000 ) also were applied.
The aim of the research is to check the usefulness of the presented model to describe the sizes of gas bubbles dispergated by the self-aspirating disc impeller with the values of modified Froud's number higher than the critical value. If the model is considered to be correct it will allow to determine the bubble size distributions in the mixer merely according to energy dissipation rate measurements.
For this purpose we should analyse:
 sizes of eddies capable of breaking up the bubbles of specific sizes;  velocities of gas bubbles moving in liquid;  values of local energy dissipation rates in the mixer.
EXPERIMENTS
The studies were carried out in a glass flat-bottomed tank with diameter T = 0.292 m, equipped with four B = 0.1·T wide baffles. The self-aspirating disk impeller having the D = 0.125 m diameter was placed at the height of h = 0.078 m above the tank bottom. The tank was filled with distilled water containing tracer (seed) particles of 10 m mean diameter to the H = T level. To reduce optical deformations the cylindrical tank was immersed in a cuboidal tank filled with pure water. Velocity was measured at the impeller's rotational frequency N = 6 s -1
(360 min -1 ) in the plane determined by the impeller's rotation axis and angle bisector between the baffles (Fig. 4) . Under experimental conditions the Reynolds number reached the value Re = 93580, whereas the modified Froude number Fr' = 0.258. Under these conditions the gas hold-up amounts approximately to Φ = 0.43% (Stelmach, 2000) . With this content of gas in liquid the system may still be treated as monophasic. Due to the importance of the area just behind the blade of the impeller in which the gas bubbles are subjected to direct effects of eddies formed behind the blade the measurements were carried out for four angular positions of the blade in relation to the measurement plane at distances 0, 5, 10 and 15 behind the blade. We used in the measurements the PIV measuring system made by LaVision company with doublepulsed laser of the maximum power 135 mW and ImagePro camera, 2048 px  2048 px resolution, Nikkor 1.8/50 lens with a aperture (diaphragm) stopped down to the value assuring the maximum resolution (www.optycne.pl), i.e. the aperture number reached 5.6. The measurement area was sized approximately 60 mm 60 mm. For each angle position of blade, 200 double photographs in about 33.3 s were made, with the t = 415 s time interval between impulses (this interval was calculated for tracer displacement 10 px and velocity 0.3··D·N). Laser impulses were synchronised with the blade passing through the measurement area plane by the use of external trigger (on the frames always the same blade is visible because the blade passing frequency was less than 15 Hz which is maximum registration frequency of apparatus). For data processing DaVis 7.2 software was employed. Double data processing was used, with the final size of the interrogation area 32 px  32 px (i.e. about 0.93 mm  0.93 mm) without overlapping.
DISCUSSION OF RESULTS

Energy dissipation rate
Previous studies of energy spectrum of eddies (Stelmach et al, 2003) have shown the existence of an inertial sub-range almost the entire volume of tank with a self-aspirating disk impeller. So, the turbulent energy dissipation rate was calculated from the Smagorinski model (Eq. (22)) for C s = 0.11 (Stelmach, 2014) . MathCAD was used for calculations. Tabulated data of velocity pulsations were numerically differential (Panow, 1955) . Since the unequivocal experimental method for determination of the energy dissipation rate it is not known obtained values were not corrected. It was found (Stelmach, 2014) The highest values  occur in the middle of the impeller height at a distance of several millimeters from the blade edge. For the experimental conditions,  max ≈ 25 m 2 /s 3 was achieved at 15° angular distance. This value is approx. 90 times higher than the mean value for the whole liquid contained in the mixer which is equal to  m = 0.267 m 2 /s 3 calculated based on the power consumption (Stelmach, 2000) .
Changes in the measuring plane position in respect to the impeller blade affect a value of  only up to the distance of several millimeters from the impeller blade tip (Fig. 5) . Therefore, the mean values of energy dissipation rate for the analyzed area vary from 6 to 7 m 2 /s 3 , depending on the blade position and this is about 25 times more than the mean value for the whole mixer. Consequently, near the impeller most of the energy is supplied by the impeller to the liquid. Instead, beyond that area the energy dissipation rate decreases rapidly. 
Kolmogorov and Taylor eddy scales
Sizes of the smallest air bubbles should not be smaller than the Kolmogorov spatial scale 25 0 3 .
The lowest value for this scale, calculated from Eq. (23) for a value of  max = 25 m 2 /s 3 , reaches in the discussed case approx. 0.014 mm. Analysis of Fig. 3 indicates that the sizes of the most numerously occurring bubbles established from the experiments are many times higher than that value.
We should also notice that a value of  obtained from Eq. (23) is over 60 times higher than the distance between velocity vectors in the PIV method. This extorts the necessity to use the Smagorinski model to calculate the energy dissipation rate according to the PIV measurements. Due to the required size of eddies which are capable of breaking gas bubbles up we can expect their similarity with the Taylor linear scale determining the onset of the dissipative area. Fig. 6 presents the contour plots of Taylor eddy size distributions calculated according to Eq. (24) (Baldi and Yianneskis, 2003) . As results from analysis of Fig. 6 , near the impeller the Taylor eddy sizes vary within a small range from approx. 0.6 mm to 1 mm and the obtained range of changes coincides well with experimental distribution of gas bubble diameters shown in Fig. 3 . However, comparing Fig. 3 with Fig. 6 we can notice that for water the sizes of the most numerous bubbles are approx. twice smaller than the sizes of the smallest Taylor eddies behind the impeller blade. As we have mentioned, eddies bigger than gas bubbles only shift them in liquid, whereas very small eddies actually do not interact with the bubbles. To break the bubble up the eddy size should range from 0.2 to 1 of the bubble diameter (Martín et al., 2008b) , whereas its energy must be higher than the bubble surface energy. Therefore, subjected to profound analysis should be the bubble surface energies and energies of eddies exhibiting sizes equal to the size of the bubble or smaller. The previous studies (Stelmach et al., 2005 ) demonstrated that for the tested impeller in eddy energy spectrum there is a range of wave numbers where the Kolmogorov "-5/3" law is met (inertia range).
 
So if a value of  is known, we can calculate energy of eddy with diameter d = 2/k (Eq. (15)) and compare it with the surface energy of bubble
having the same diameter. The comparison of bubble surface energy and eddy energy is presented in Fig. 7 .
The total surface energy of the bubbles arising from breaking up a bigger bubble is always higher than the surface energy (larger total surface). Fig. 7 compares also the surface energy exhibited by two bubbles of identical diameters and total volume equal to the volume of the broken up bubble. The figure presents also the ratio of the energy of eddies with diameter equal to 0.6 bubble diameter (Martín et al., 2008b) . Analysis of Fig. 7 demonstrates that eddies sized less than 0.11 mm exhibit too low energy to break the bubbles up. This does not mean that the liquid will not contain any bubbles of smaller diameters, because they may occur while bigger bubbles are broken up. The course of the lines in Fig. 7 shows that for bigger bubbles and eddies the difference between the surface energy and the energy of the eddy increases. It is easier to break up the bubble then, especially because not all energy of the eddy must be consumed to break the bubble up (complete use of the eddy's energy is tantamount to disappearance of the eddy structure).
Figures 1b and 1c taken just behind the impeller blade show gas structures sized from several to a dozen millimeters (length of the blade in the figure -approx. 13 mm). On the other hand, the size of the greatest eddies meeting the "-5/3" law, calculated according to the energy spectrum density curve (Stelmach et al., 2003) , amounts to about 8.5 mm. However, eddies bigger than that size also have sufficient energy to break the bubbles up (Fig. 7) , and at a small concentration of the bubbles the probability of the bubble collision with the eddy capable of breaking it up is high. In the case of big bubbles, the eddies capable of breaking them up have quite a high excess of energy, which gives rise to small bubbles sized even as fine as 0.15 to 0.25 mm.
Gas bubble size
For the adopted parameters of the impeller operation the mean value of the energy dissipation rate amounts to  m = 0.267 m 2 /s 3 . Substituting this value to Eq. (2), the mean Sauter diameter of the bubble d 32 = 5.5 mm is obtained for water. Using the corrections introduced by Calderbank (Martín et al., 2008b) we reduce its value to d 32 = 5.2 mm, although these values continue to be much higher than the experimental values presented in Fig. 3 . Similarly as the Sauter diameter calculated from Eq. (3) for C 2 = 0.6 and We C = 1.2 (Martín et al., 2008b ) the Sauter diameter equal to d 32 = 2.45 mm remains to be approx. 1.5 times higher than the measured value (Fig. 3) . A high compatibility of experimental and theoretical value d 32 is obtained only when for calculations the energy dissipation rate value 3 times higher than the mean value for the whole mixer is adopted, i.e. about  = 0.8 m 2 /s 3 . This may result from the fact that in the areas largely distanced from the impeller the liquid turbulence drops fast. There are no bubbles breaking up process there, but the volume of that liquid significantly affects the mean value . Therefore, for the areas e.g. near the impeller where the bubble is actually broken up, it should be more appropriate to use in these calculations the local values of energy dissipation rate. This may also solve another problem connected with the use of equation of type (2) for self-aspirating impellers. Increasing the impeller rotational frequency causes an increase in the area of consideration, so also an increase in the mean velocity of energy dissipation, and pursuant to Eq. (2), Sauter diameters should be decreasing. Actually, for self-aspirating impellers a reverse phenomenon (Stelmach, 2007) is observed, as depicted in Fig. 3 . This phenomenon may be explained by the fact that with increasing rotational frequency of the impeller not only the power consumption increases, but also the amount of the aspired gas. The increased size of the interfacial area decreases in turn the liquid turbulence and both inflows are partly reduced. There is no such effect when gas is supplied by the sparger, where the amount of gas in the mixer does not depend on the impeller rotational frequency. Therefore, the usefulness of a relation of type (2) in predicting the sizes of the bubbles dispersed by self-aspirating impellers is largely limited.
Bubble velocities
Determination of the distributions of energy dissipation rates allows to check the usability of Eq. (9) determining the gas bubble movement velocity in the turbulent field generated by the self-aspirating disc impeller. Figure 8 presents the contour plots of bubble velocities with different diameters d b calculated from Eq. (9) for the 15° measurement cross-sectional position behind the blade.
In the case of a mixer the experimental determination of the resultant bubble velocities having fixed diameters is very difficult. In the previous studies (Stelmach, 2014 ) the mean relative bubble velocities without division into fractions were determined. The obtained results are presented in Fig. 9 .
A comparative analysis of Figs. 8 and 9 allows to state that the calculated values of bubble velocities are within the measured velocities. This enables adopting Eq. (9) 
Results of model calculations
The usefulness of the mathematical model described in the introduction and used to predict gas bubble sizes according to local velocities of energy dissipation was checked with the following simplifying assumptions:
 the bubble is broken up by an eddy with the diameter equal to 0.6 of the bubble diameter (centre of the range 0.2 -1 (Martín et al., 2008b) The number of the bubbles in 1 m 3 of the liquid was determined according to analysis of photographs which were used to determine experimental distributions of bubble sizes presented in Fig. 3 . The photographs comprised 1/4 of the mixer transverse intersection, whereas the thickness of the illuminated layer of water reached about 1 cm. This allowed to determine the volume in which bubble images were counted. The minimum and maximum registered number of the bubbles was used in calculations. Fig. 10 . Values of function G, depending on the size and number of the bubbles As the energy dissipation rate close to the mixer is many times higher than its value for the whole mixer  m = 0.266 m 2 /s 3 , the calculations of a value of function G from Eq. (17) were carried out using the MathCAD package for several multiplicities of  m . The calculations were made using Eqs. (7) - (18). The results obtained are presented in Fig. 10 .
As it results from analysis of Fig. 10 , the greatest influence on the values of function G was that of energy dissipation rate. On the other hand, the influence of the number of bubbles is noticeable, but it did not change the course of the function (shape of the curve). Function G expresses an equilibrium between the processes of breaking up and coalescence and for the steady state in which the bubble size distributions were determined, its value should be zero. For a value of  ≈ 0.8 m 2 /s 3 , i.e. for such areas in the mixer where   3· m , we can speak about relatively insignificant deviations in the value of function G from zero (as compared to its maximum values), and the verified model may be considered useful. However, near the impeller, in which much higher values of energy dissipation rate are observed (Fig. 5) along with a relatively high share of small-sized eddies, the model is ineffective. The lack of compatibility should be probably attributed to the mechanism of breaking up big bubbles while they are leaving the impeller orifices. Analysis of photographs ( Fig. 1 and 2) suggests that the gas bubble is torn off the gas bubble surface inside the impeller and the size of this bubble may reach the size of the outlet orifice. At the further stage it is broken up into smaller bubbles, because at greater distances from the impeller they are no longer so big. However, for a big bubble to be broken up, high energy eddies are needed. Analysis of Fig. 7 shows that for the tested self-aspirating impeller the eddies of appropriate sizes and energies occur in that area and such breaking up process becomes possible. However, such process does not have to be consistent with the model assumption about breaking each bubble up into two bubbles of equal size and the hitherto collected data do not allow to advance an explicit thesis about the mechanism of breaking up each bubble. For this purpose it is necessary to make a sequence of pictures (film) at an approximate rate of 1000 frames per second.
At a further stage of the research some iterative calculations were made, which consist in determination of a model distribution of bubble sizes for which function G is zero. The calculations were made for . The latter value is close to the mean value of the energy dissipation rate in the interrogation area. A comparison of the experimental (Eqs. (4-6)) and calculated curves of the bubble size distribution at the impeller level is presented in Fig. 11 . Fig. 11 . Curves of the bubble size distribution at the impeller level Analysis of curves in Fig. 11 indicates that the bubble size distribution calculated according to the model should be more monodispersive. On the other hand, the curves maxima achieved from the model solution and obtained according to experiments refer to the same bubble sizes and in this aspect the experiment positively verifies the model. A better compatibility was obtained for  =25·ε m value, i.e. that close to the mean value of the measurement area just behind the impeller blade.
The presented model yields promising results. However, the discrepancies between experimental and calculated distribution of bubble sizes suggest that the adopted simplifications are too gross. To be able to determine the distributions of bubble sizes for self-aspirating impellers according to the local velocities of energy dissipation, in my opinion further studies are necessary. Their primary purpose should be identification of the mechanism of big bubble break-up when leaving the outlet orifice. This may significantly diverge from the adopted consecutive division into two bubbles of equal volumes. Verification of the model was based on independent measurements, separate for the movements of liquid phase and gaseous phase. More detailed data for the model verification should be derived from simultaneous measurements of liquid and bubble velocities. Such measurements with PIV method are feasible at low values of the gaseous phase hold-up . Data obtained in this way should better suit the model assumptions.
CONCLUSIONS
The higher rotational frequency of the impeller increases not only liquid turbulence and power consumption but also the amount of aspired gas. The consequently enlarged interfacial area decreases in turn liquid turbulence and both inflows are partly reduced. This results in the limited use of Eq. (2) to determine gas bubble size for self-aspirating impellers.
The experimentally determined sizes of gas bubbles exceed by several dozen times the sizes of the smallest eddies from the Kolmogorov range but largely coincide with the linear scale of the Taylor eddies.
The analysis indicates that despite some differences existing in hydrodynamics between the air-lift column and the mixer with self-aspirating impeller the gas dispergation model for the column may be adopted for the mixer design. However, there is still a demand for research aimed at the description of the phenomena occurring near the mixer outlet orifices. 
